Abstract. In this paper, we study cohomology groups of vector bundles on neighborhoods of a non-pluriharmonic locus in Stein manifolds and in projective manifolds. By using our results, we show variants of the Lefschetz hyperplane theorem.
Introduction
Let X be a Stein manifold. Let ϕ be an exhaustive continuous plurisubharmonic function on X. The support of i∂∂ϕ has some interesting properties. In this paper, we study the cohomology of holomorphic vector bundles on open neighborhoods of supp i∂∂ϕ. Here we denote by supp T the support of a current T . For any open neighborhoods V ⊂ U of supp T , the inclusion map induces H q (U, F ) → H q (V, F ). We define the direct limit lim − → Theorem 1. Let X be a Stein manifold of dimension n (n ≥ 3). Let ϕ be a nonconstant plurisubharmonic function on X such that e ϕ is continuous and that for every r < sup X ϕ the sublevel set {z ∈ X | ϕ(z) ≤ r} is compact. Let F be a holomorphic vector bundle over X. Then the natural map
is an isomorphism and lim − → supp i∂∂ϕ⊂V H q (V, F ) = 0 for 0 < q < n − 2.
When X is a projective manifold, any plurisubharmonic function on X is a constant function. We consider an ample line bundle and its continuous hermitian metric instead of an exhaustive plurisubharmonic function.
Theorem 2. Let X be a projective manifold of dimension n (n ≥ 3). Let L be an ample line bundle over X and let F be a holomorphic vector bundle over X. Let ω 0 ∈ 2πc 1 (L) be a Kähler form on X where c 1 (L) ∈ H 2 (X, Z) is the first Chern class of L. Let ϕ be a function on X such that e ϕ is continuous and that ω 0 + i∂∂ϕ ≥ 0 in the sense of currents. We assume that there exist a positive integer N and a non-zero holomorphic section s ∈ H 0 (X, L N ) such that {z ∈ X | s(z) = 0 and ϕ(z) = −∞} = ∅. Then the natural map
is an isomorphism for 0 ≤ q < n − 2 and is injective for q = n − 2.
Let t ∈ H 0 (X, L) be a non-zero holomorphic section of the ample line bundle L. We define the hypersurface Y = {z ∈ X | t(z) = 0}. Let h 0 be a smooth hermitian metric of L such that ω 0 = 2πc 1 
). Because of the vanishing theorem of cohomology groups with compact supports in the Stein manifold X \ Y , we have that the natural map
is an isomorphism for q < n − 1 and is injective for q = n − 1. Unfortunately, we do not know whether Theorem 1 and Theorem 2 hold in the case when the degree is n − 1. Let T * X be the holomorphic cotangent bundle over X. If we take F = p T * X , our main results imply the following variants of the Lefschetz hyperplane theorem (see Lemma 1 of [8] 
is an isomorphism for k < n − 2 and is injective for k = n − 2.
Corollary 2. Let X, ω 0 , ϕ be as in Theorem 2. Then the natural map
Corollarie 1 generalizes the main theorem of [8] .
The degree which appears in [8] is max{n − 4, 1}. On the other hand, those which appear in our main results are n − 2. The improvement of the degree is due to the method of Lee and Nagata ( [7] ) and the estimate of the Sobolev norm.
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Preliminaries
Let X be a Kähler manifold and let ω be a Kähler metric on X. We assume that X is weakly pseudoconvex, that is, there exists a smooth plurisubharmonic exhaustion function on X. Let F be a holomorphic vector bundle over X and let H be a smooth hermitian metric of F . We denote by L (p,q) (X, F, H, ω) the Hilbert space of F -valued (p, q)-forms u which satisfy
Here dV ω = ω n n! . Let iΘ(F, H) be the Chern curvature tensor of (F, H) and let Λ be the adjoint of multiplication of ω. Suppose that the operator [iΘ(F, H), Λ] acting on (n, q)-forms with values in F is positive definite on X (q ≥ 1). Then, for any ∂-closed
). We note that ω is possibly non complete.
L 2 -estimate
In [8] , the surjectivity between the cohomology groups was proved by the DonnellyFefferman-Berndtsson type L 2 -estimates for (0, q)-forms ( [1] , [4] ). In [7] , Lee and Nagata showed that L 2 -Serre duality and L 2 -estimates for not (0, q) but (n, q)-forms improve the integrability condition of an L 2 -estimate. By using the method of [7] , we prove Proposition 1 below.
Let X be a Stein manifold of dimension n and let D be a relatively compact subdomain in X. Assume that there exist negative plurisubharmonic functions ϕ, η ∈ C ∞ (D) on D such that max{ϕ(z), η(z)} → 0 when z → ∂D. We assume that inf D η < −1. Define φ = − log(−ϕ) and ρ = max ε {− log(−η), 0}. Here ε > 0 is a small positive number and max ε is a regularized max function (see Chapter I, Section 5 of [3] ). Let F be a holomorphic vector bundle over X and H be a smooth hermitian metric of F . We define F * , H * to be the dual of F, H. Let ψ ∈ C ∞ (D) be a strictly plurisubharmonic function. We take a large positive integer N such that the hermitian vector bundle (F * , H * e −(N −1)ψ ) is Nakano positive on D. Let δ > 0 be a positive number. Put ω = i∂∂(
The proof of the following lemma is completely similar to that of Lemma 3.1 of [7] .
Here C q,δ depends only on q and δ.
Proof. There exist relatively compact weakly pseudoconvex subdomains
Because of the Nakano positivity of (
Since φ and ∂φ are bounded in D k , we have that u k e δφ is the minimal solution of
By taking t sufficiently small, we have that
The constant C q,δ does not depend on k. Hence we may choose a subsequence of
Then u is the F -valued (n, q)-form we are looking for.
He ξ , ω . By the completeness of ω again, we have that
is contained in the domain of ∂ and ∂β = α. We have that β 2 He ξ , ω ≤ C q,δ α 2 He ξ , ω and this completes the proof. We denote by
There exists a small neighborhood U ⊂ X of a such that ϕ is pluriharmonic and i∂∂φ = i ∂ϕ∧∂ϕ ϕ 2 on U ∩ D. Since η(a) = 0, we may assume that i∂∂ρ and κ • ρ are bounded. Then
be functions which satisfies the following conditions:
≥ 0 for any j ∈ N and t ≥ 0, (iii) there exists a positive constant C such that κ j (t) ≤ C for any j ∈ N and 0 ≤ t ≤ 1/2, (iv) lim j→∞ κ j (t) = +∞ for any t ≥ 1.
by Lemma 2. Because κ j • ρ ≤ C on supp α, we have that α 
Estimate of the Sobolev norm
It is enough to consider the case q ≥ 2. In the proof of Proposition 1, we take κ j ∈ C ∞ (R) (j ∈ N) which satisfy four conditions. We add the following condition to {κ j } j∈N :
(v) For any non-negative integer k, there exists positive constant C k which does not depend on j and satisfies
for any j ∈ N and t ≥ 0.
Lemma 3. There exist functions κ j ∈ C ∞ (R) (j ∈ N) which satisfy the above five conditions. Proof. We define κ j (t) = j l=0 t l . It is easy to see that {κ j } j∈N satisfies the conditions (i), (ii), (iii), (iv). For t ≥ 0, we have that
Hence {κ j } j∈N satisfies (v).
Assume {κ j } j∈N satisfies the above five conditions. Take {β j } j∈N and β as in the proof of Proposition 1. We may assume that β j is orthogonal to the kernel of ∂ :
and β j is smooth (cf. [6] ). Let a ∈ D and let χ ∈ C ∞ (D) be a non-negative function such that χ = 1 on a neighborhood of a and supp χ is sufficiently small. Denote by H ′ = He N ψ−δφ the hermitian metric of F . Then H ′ e κ j •ρ = He ξ j . We may assume that supp χ is contained in a complex chart U and that F is trivialized there. Let (x 1 , . . . , x 2n ) be a local coordinates on U. Let K = (k 1 , k 2 , . . . , k 2n ) be the multi-index and let |K| = k 1 + · · · + k 2n . Define
Lemma 4. Let k be a non-negative integer. Then
for any j ∈ N where C k is a constant which does not depend on j.
Let W k (0,q−1) (U, F ) be the Sobolev space of F -valued (0, q −1)-forms whose derivatives up to order k are in L (0,q−1) (U, F, H ′ , ω). Lemma 4 implies that the subset {χβ j } j∈N is bounded in W k (0,q−1) (U, F ). By taking weakly convergent subsequence of {χβ jν } ν , we have that β ∈ W k (0,q−1) (U ′ , F ) where U ′ is a sufficiently small open neighborhood of a contained in U. By the Sobolev lemma (cf. [3] ), it follows that β is smooth in D.
The proof of Lemma 4 proceeds by induction on k. We have seen that β j
does not depend on j, and the case k = 0 holds. Let ∇ j be the hermitian connection on F which is compatible with H ′ e κ j •ρ . By the trivialization of F in U, we have that
where Γ H ′ is the connection form defined by H ′ . Let * be the Hodge-star operator from F -valued (p, q)-form to F -valued (n − q, n − p)-form. Define ϑ = * ∂ * :
Here H Id is the flat metric of the trivial vector bundle F over U.
Lemma 5. Under the hypothesis that Lemma 4 holds for ≤ k, we have that
for any j ∈ N where C k+1 is a constant which does not depend on j.
Proof. We denote by ∂ * j the Hilbert space adjoint to ∂ :
where L is the differential operator of order k. The term D K * ∂ * (χβ j ) is written as
where t K ′ ,l is the function which does not depend on j. It follows that
where C does not depend on j. Since sup r≥0 r 2(l+1) e −r/2 k+1 < +∞, the condition (v) of {κ j } j∈N shows that the last term of the above inequality bounded from above by the constant which does not depend on j.
A standard calculus shows that Lemma 5 implies Lemma 4 (cf. Chapter 5 of [6]).
Proof of Lemma 4. We may assume that there exists an orthonormal frame (θ 1 , . . . , θ n ) of T * X on U. For any f ∈ C ∞ (U), we define ∂f /∂θ m and ∂f /∂θ m by df = 
The left-hand side of the above inequality is equal to
By integrating by parts, the second integral of the above is equal to
Here R is written as the sum of s g I 1 κ
) where s and t are the smooth functions which depend on neither g nor j. The order of the differential operator
for any ε > 0. Hence the left-hand side of (1) is bounded below by
where C does not depend on j. Because the order of the differential operator ∂ 2 /∂θ l ∂θ l − ∂ 2 /∂θ l ∂θ l is one, we have that
for any ε > 0. Since F is trivialized in U and H ′ is equivalent to the flat metric H Id , we can replace g by D K (χβ j ) in the above calculus, and we obtain
Note that ∂(χβ j ) = χα + ∂χ ∧ β j . The induction hypothesis and Lemma 5 show that the last term of the above inequality does not depend on j.
Extension of closed F -valued forms in manifolds
As in [8] , we show the surjectivity between the cohomology groups by the extension of closed F -valued forms. Let X, ϕ, F be as in Theorem 1. Let ψ ∈ C ∞ (X) be an exhaustive strictly plurisubharmonic function. We denote by D ϕ (r) the sublevel set {z ∈ X | ϕ(z) < r} of ϕ. Proof. Lemma 6 follows from Proposition 1 in the same way that Lemma 3 of [8] follows from Proposition 1 of [8] , except for the process of approximating ϕ with a smooth plurisubharmonic function which is slightly larger than ϕ near supp i∂∂ϕ (see also Proposition 2 of [8] ). This process is carried out by Lemma 7 below. Proof. Since X is Stein, we may assume that X is a submanifold of C m . By the theorem of Docquier and Grauert, there exists an open neighborhood W ⊂ C m of X and a holomorphic retraction µ : W → X (cf. Chapter VIII of [5] ). Let h : C m → R + be a smooth function depending only on |z| (z ∈ C m ) whose support is contained in the unit ball and whose integral is equal to one. Define h ε (z) = (1/ε 2m )h(z/ε) for ε > 0. Let W ′ ⊂ W be a relatively compact open neighborhood of D ϕ (r + 1). If ε > 0 is sufficiently small, we can define (ϕ
there exists small ε > 0 such that the ball of radius ε centered at every point of
Proof of Theorem 1. Let U be an open neighborhood of supp i∂∂ϕ in X. Let u ∈ Ω (0,q−1) (U, F ) (1 ≤ q ≤ n − 2) such that ∂u = 0. By the completely same way as in Section 3 of [8] , we can show that there exists v ∈ Ω (0,q−1) (X, F ) such that ∂v = 0 in X and that v = u on an open neighborhood of supp i∂∂ϕ. Hence the natural map
completes the proof.
We prove Theorem 2. Let X, F, L, ω 0 , ϕ, s be as in Theorem 2. Since supp (ω 0 + i∂∂ϕ) = supp k(ω 0 + i∂∂ϕ) for k ∈ N, we may assume that L is very ample and that s ∈ H 0 (X, L). F ) and a continuous function ϕ 1 on X which satisfy the following conditions:
Proof. We put Y = {z ∈ X | s(z) = 0}. Then X \ Y is a Stein manifold. Let · be a smooth hermitian metric of L whose Chern curvature is ω 0 . Letφ = − log s 2 + ϕ on X \ Y . Thenφ is an exhaustive plurisubharmonic function and supp i∂∂φ = (X \ Y ) ∩ supp (ω 0 + i∂∂ϕ). Let Dφ(r) = {z ∈ X \ Y |φ(z) < r}. By taking r sufficiently large, we have that K ⊂ Dφ(r) and there exists v ∈ Ω (0,q−1) (Dφ(r + 1), F ) such that ∂v = 0 and that u = v on an open neighborhood of Dφ(r + 1) ∩ supp i∂∂ϕ by Lemma 6. As in the proof of Lemma 5 of [8] , we can glue v and u together, and we obtain an open neighborhood U 1 ⊂ X of K ∪ supp (ω 0 + i∂∂ϕ) and u 1 ∈ Ω (0,q−1) (U 1 , F ) which satisfies (a). As in Lemma 4 of [8] , there exists plurisubharmonic functionφ 1 ∈ C(X \ Y ) such that K ∪ supp i∂∂φ ⊂ supp i∂∂φ 1 ⊂ U 1 and thatφ 1 =φ on X \ (Y ∪ Dφ(r + 1)). Put ϕ 1 =φ 1 + log s 2 . Since ϕ 1 = ϕ on a neighborhood of Y , we can consider ϕ 1 as a continuous function on X. Then ϕ 1 is a function we are looking for.
Proof of Theorem 2. We first show that
U is an open neighborhood of supp (ω 0 + i∂∂ϕ). Take K ⊂ X as in Lemma 8. Then we obtain U 1 , u 1 , ϕ 1 as in Lemma 8. Since L is very ample, we can take compact sets K j in X and s j ∈ H 0 (X, L) (1 ≤ j ≤ p) such that p j=1 K j = X and that K j ∩ {z ∈ X | s j (z) = 0} = ∅. If we replace K, u, U, ϕ by K 1 , u 1 , U 1 , ϕ 1 respectively, we obtain u 2 , U 2 , ϕ 2 which satisfy the suitable conditions. By repeating the same process, there exist u j , U j (1 ≤ j ≤ p + 1), ϕ j (1 ≤ j ≤ p) such that u j ∈ Ω (0,q−1) (U j , F ), j−1 k=1 K k ∪ supp (ω 0 + i∂∂ϕ) ⊂ supp (ω 0 + i∂∂ϕ j ) ⊂ U j and that u j = u j−1 on a neighborhood of supp (ω 0 + i∂∂ϕ j−1 ). Hence u p+1 ∈ Ω (0,q) (X, F ) is ∂-closed F -valued form such that u p+1 = u on a neighborhood of supp (ω 0 + i∂∂ϕ). This proves the surjectivity. is defined on a neighborhood U 1 of K ∪ supp (ω 0 + i∂∂ϕ). Define v 1 = χv + v ′ 1 on U 1 . We have that ∂v 1 = α and that v 1 = v on a neighborhood of supp (ω 0 + i∂∂ϕ). As in Lemma 8, there exists a function ϕ 1 ∈ C(X) such that ω 0 + i∂∂ϕ 1 ≥ 0 and that K ∪supp (ω 0 +i∂∂ϕ) ⊂ supp (ω 0 +i∂∂ϕ 1 ) ⊂ U 1 . If we replace K, v, U, ϕ by K 1 , v 1 , U 1 , ϕ 1 respectively, we obtain v 2 , U 2 , ϕ 2 which satisfy the suitable conditions. By repeating this process, we obtain v p+1 ∈ Ω (0,q) (X, F ) such that ∂v p+1 = α.
